The fourth generation of nuclear reactor can use liquid sodium as the core coolant. Under-sodium imaging aims at checking the health of immersed structures and especially at detecting and characterizing potential hazardous damage. The differential approach allows detecting a perturbation by comparison with a reference measurement and by focusing back to any change in the inspected region. The imaging method relies on the adequate combination of two computed ultrasonic fields, one forward and one adjoint. The adjoint field design offers new opportunities to reconstruct either the "scattered" or "shadow" fields respectively in order to form an image of the illuminated contours of an inclusion and an image of the shadow field induced by the presence of that inclusion. Numerical simulations have been carried out to illustrate the complementary content of the information conveyed by each of the reconstructions.
Introduction

Industrial context
To insure the safety of sodium cooled fast reactor (as ASTRID prototype reactor), improvement of in-service inspection and repair (ISI&R) is a major issue. Among ISI&R items [1] the presented work deals with under-sodium viewing (USV). USV aims at checking the health of immersed structures in the reactor vessel. Because molten sodium is optically opaque, ultrasonic imaging techniques are developed for non-destructive testing. One of the difficulties for visualization systems deployment is to sustain high temperature (around 200°C) and hostility of the sodium environment. Over the past 30 years, researches have been pursued to develop such imaging systems. Most of these works deal with the design of sodium compatible high temperature transducers. Single transducers [2] [3] , linear arrays and 2D arrays [4] are studied. Moreover, specific constraints such as transducers characteristics or the limited sensor mobility have to be considered.
The present work aims at developing a methodology for detecting flaws and characterizing inclusions embedded in homogeneous media from acoustic scattering measurements. That is a generic inverse problem of wave propagation.
The time domain topological energy method
Origin: the topological gradient
Time Domain Topological Energy imaging originates from topological optimization [5, 6, 8, 9] . In that framework, topological properties of a numerical domain are iteratively modified to tend toward the unknown inspected domain . That can be achieved for instance by including infinitesimal "holes" in the numerical domain. A cost function, such a quadratic distance as written in Eq. (1), has to be minimized: ( 1 ) where and are respectively the acoustic responses measured with an array of transducers noted after propagation in the reference and inspected media.
The sensitivity of the cost function to a variation due to the introduction of the virtual hole in the reference domain model can be evaluated through the asymptotic expansion: ( 2 ) where The function is called the topological gradient. For the elastodynamic problem of wave propagation in elastic media, mathematical expressions of the topological gradient have been written [9] . They involve a product of two fields: the forward displacement field and the adjoint displacement field .
Forward and adjoint fields
and are the time domain solutions of the direct and adjoint problems respectively and is the acquisition duration. The forward field is the solution of the wave propagation in a homogeneous, isotropic medium equation (3) . This is the computed ultrasonic field into the reference medium. To obtain an ultrasonic response for each point of the domain, the reference medium has to be known and modeled. ( 3 ) where represents the stress tensor and the density of the material. The time reversed adjoint field, , is the solution of wave propagation problem written as follows:
The source term results from the substraction of the signals obtained with the reference and inspected media, and is reversed in time. The field is therefore the back-propagation of the residue within the reference medium.
Topological energy
The topological gradient provides information about the misfit between the two measurements. Besides, expressions of topological gradient are generally given as functions of the products of direct and adjoint fields integrated over the acquisition time :
The topological gradient therefore appears as a convolution between and . The Topological Energy (TE) defined in (6), as the topological gradient (5), allows to highlight the location of the flaw and to visualize it on an associated image. Expression (6) is usually preferred because it provides a more robust (regular) representation. 
Extraction of defect signatures
The incident wave experiments multiple reflections on the external boundaries of the host object of finite dimensions. Then, during the whole acquisition duration ( ), multiple reflections of the direct and adjoint fields may coexist at different times and locations. This induces the apparition of artifacts on the TE image, which can alter its intelligibility.
Indeed, as shown in the simulation in figure 1 .a., the maximum is not consistently located near to the defect but is rather depicted near to the upper object interface where are located the punctual source and the punctual receivers. This artifact originates from reflections of the residue on the rear wall (and also, to a less extend, on the side walls) of the synthetic (simulated) slab. Thus, it would be of great interest if these kinds of artifacts may be suppressed. The opportunity is offered by choosing boundary conditions that constrained the respective calculated adjoint fields to be out of phase depending whether Neumann or Dirichlet conditions are applied. In that purpose, let us define the adjoint field that reveals the field scattered by one (or more) inclusion, free of wave reflection on the external boundaries by: ( 7 ) and the adjoint field that reveals the drop-shadow on the external boundaries by: ( 8 ) where (respectively is the adjoint field synthesized with Dirichlet (respectively Neumann) conditions. Besides, we define the TE image, of the boundaries of the inclusion, free of artifact induced by wall reflections: ( 9 ) and the TE image, of the drop-shadow field:
For instance, to reconstruct figure 1.b the contribution of incident wave diffracted by the defect is singled out by calculated and the TE image according to the expression (9) is computed. Thus, only diffraction is considered and the flaw is nicely located as shown in figure 1 .b where the artifact is removed.
Similar operations allow creating adjoint fields containing only side or rear walls contributions. Figure 1 .c. shows an example of the computed TE shadow image. The presence of the shadow helps to detect the defect and to point out its location. However, due to diffraction, the information relative to the interaction (with the defect) is blurred along the ray-path during propagation of the incident wave. This explains why the shadow field is of low-frequency content. This information, which corresponds to a lack of energy of the incident field due to the presence of the flaw provides a workable signature. 
Conclusion
In the framework of under-sodium viewing and non-destructive-evaluation, severe constraints (such as temperature and limited access) lead to make best use of any and all the information available; on the one hand from the ultrasonic signals acquired from the experiment, on the other hand on prior information (the model) about both the object inspected and the scanning implemented.
In this purpose, it is shown in this article that adjoint method associated with the construction of topological energy (TE) images yields high resolution (half a wavelength) and good quality (contrast) images of flaws. Furthermore, the versatility of the technique authorized new considerations of the adjoint fields to be evaluated. Here, the definitions of the scattered adjoint field and of the shadow adjoint field have been introduced, which makes it possible to separate the concomitant effects (scattering, shadowing) experimented by the incident field in interaction with the defect along with the influence of the boundary conditions. The associated topological images provide complementary information such as the regularity of the boarders or the impedance mismatch for the scattering TE image and the attenuation (mean shape and absorption) for the shadow TE image. These two kinds of information can be used as raw data feeding an enhanced characterization procedure exploiting a reference database.
